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ABSTRACT The role of myoglobin in facilitated diffusion of oxygen in muscle is examined in a
tissue model that utilizes a central supplying capillary and a tissue cylinder concentric with the
central capillary, and that includes the nonlinear characteristics of the oxygen-hemoglobin
dissociation reaction. In contrast to previous work, this model exhibits the effect of blood flow
and a realistic, though ideal, tissue-capillary geometry. Solutions of the model equations are
obtained by a singular-perturbation technique, and numerical results are discussed for model
parameters of physiologic interest. In contrast to the findings of Murray, Rubinow, Taylor,
and others, fractional order perturbation terms obtained for the "boundary-layer" regions near
the supplying capillaries are quite significant in the overall interpretation of the modeling
results. Some closed solutions are found for special cases, and these are contrasted with the full
singular-perturbation solution. Interpretations are given for parameters of physiologic inter-
est.
INTRODUCTION
The concept of a moving, carrier-mediated transport, of which myoglobin-facilitated oxygen
diffusion is an outstanding example, has stimulated the interest of both experimental and
theoretical investigators since the early 1920's. Roughton, in a 1932 paper, suggested a
facilitation contribution by the hemoglobin to oxygen transport within the red cell (1).
Further interest in the importance of this effect was generated by the research review of
Millikan in 1939 (2), and was followed by the work of Klug et al. (3, 4), who during this
period conducted theoretical investigations in parallel with laboratory experiments.
The interest in myoglobin, an intracellular oxygen-binding heme protein, arises from its
broad occurrence in mammalian muscle tissue with two different but related functional roles.
For example, the muscles of deep diving mammals such as seals are dark red because of their
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rich, oxygenated myoglobin content. Here, the tissue myoglobin functions primarily as a
long-term oxygen store for use during the dive when the oxygen supply is cut off. In birds,
myoglobin is believed to act as a short-term store, particularly in the wings and hearts, for
muscles that carry out rhythmic contractions in which the blood supply is reduced during
contraction and replenished upon relaxation (5).
In other land dwelling animals, the functional role of myoglobin is unclear. For example, in
man myoglobin occurs as -1.4% of dry weight in the heart, and -2.5% of skeletal muscle.
The resting metabolic rate of skeletal muscle is -5 x 10-8 mol 02/cm3 live tissue/s.
Myoglobin contains a single binding site for oxygen and at normal concentrations can store
-3 x IO-7 mol 02/cm3 of live tissue. The maximal oxygen reserve provided by the saturated
myoglobin stores is therefore 3 x 10-7/5 x 10-8 = 6 s. Clearly, the storage or reserve function
of myoglobin would not appear to justify its occurrence. One therefore expects an additional
functional role for the myoglobin, such as a facilitator of oxygen transport within the tissues.
The experimental and analytical work thus far suggests that myoglobin in the higher
mammals could indeed act as a carrier or facilitator of oxygen transport, in addition to its role
as a limited oxygen store (2, 6, 7).
In 1959 and 1960 Wittenberg (7) and Scholander (8) independently studied the effects of
myoglobin in mammalian muscle. They both showed that the oxygen flux depended on the
initial concentration of the carrier molecule in the solution. Wyman is credited with the
derivation of the basic theoretical model; most investigators use the reaction-diffusion
equations as described by Wyman in his 1966 paper (9).
Wittenberg, in a 1970 paper (10), has given an extensive review of the existing experimen-
tal data, the conjectures on the role of myoglobin, a discussion of alternative mechanisms, and
a summary of the existing theoretical modeling analyses. Kreuzer and Hoofd have studied the
flux of oxygen through hemoglobin solutions and have treated the describing equations
numerically (1 1, 12). Their computed results were in excellent agreement with experimental
findings. In addition, they have collected and reviewed the available numerical values for the
parameters in the theoretical models.
Kreuzer (12), Murray (13), and Smith et al. (14) have been active in the theoretical
modeling of facilitated diffusion in the chemical engineering literature. Extensions of the
mathematical techniques used in these papers have been considered by Rubinow and Dembo
(15). These various theoretical studies and experimental inquiries span the period from 1970
to the present.
The modeling efforts to date generally have not made attempts to consider actual or
idealized microcirculatory geometry. In addition, no paper has included blood flow or blood
hemoglobin dissociation kinetics in the transport, even for the description of steady-state
models. Some attempts to use a realistic geometry are found in the recent papers of Murray
(16), Taylor and Murray (17), and Van Ouwerkerk (18). However, these papers assume a
uniform, nonflowing oxygen concentration source external to an infinitely long, solid tissue
cylinder, which is clearly a nonphysiologic idealization. Thus, while the previous models are
useful for gaining insight into laboratory experiments, carrier facilitation concepts, and
techniques for the solution of the theoretical equations, they have not contributed directly to
an examination of the functional role of facilitation in actual or ideal tissue structures. We
present here a model and results that represent extensions of the previous work to include
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realistic, though idealized, microcirculatory geometry, constant blood flow and blood-oxygen
kinetics, and a finite capillary length. This description of facilitated oxygen diffusion should
reflect the transport contribution of myoglobin in mammalian striated muscle tissue.
FORMULATION OF THE MODEL
The approach often used in modeling of myoglobin facilitation is to consider a one-
dimensional slab or solution of protein with fixed boundary concentration or flux boundary
conditions. Such a model can be realized in an experimental laboratory design, and modeling
results are comparable with experimentally obtained values (9-11, 13). In in situ muscle
tissues, however, one finds a quite different geometrical arrangement of blood and tissue. In
general, muscle fibers are long, cylinderically shaped units, with each fiber bundle having
capillaries parallel to and surrounding each fiber (19-21), Oxygen-rich blood enters these
capillaries from the supplying arterioles, flows along parallel to the muscle fibers, giving up its
oxygen as it transits the capillary, and exits into the venules as oxygen-deficient blood.
Clearly, the factors of blood flow, local hemoglobin saturation, and tissue metabolic demand
for oxygen determine the local oxygen concentration at the muscle fiber surface. It is also
clear that this concentration is nonconstant from the arteriolar to venous ends of the capillary.
Such a model of tissue substrate supply has been described (22), and we modify it here to
include the effect of a binding protein in the tissue space. A geometric idealization of this
arrangement is shown in Fig. 1.
In using a single cylinder of fixed length and radius, one must keep in mind that the results
can represent only an average condition, which is the mean over a distribution of capillary
lengths and radii. The objective here is to determine if myoglobin facilitation can play a
significant role in tissue oxygen supply. The model results will not represent the true oxygen
concentration at any fixed point in an actual tissue, but should represent the mean conditions
in a typical tissue structure. This model will be referred to as a Krogh cylinder, or tissue
cylinder, in the remainder of this paper.
The concept of enhanced transport from whole blood to tissue myoglobin to tissue
respiration is illustrated schematically in Fig. 2. The lower curve is the blood-oxygen
saturation curve, the middle curve is the oxygen-myoglobin saturation curve, and the upper
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FIGURE I The Krogh cylinder model. r, is the outer tissue radius, r, is the capillary radius, and z, is the
axial length of the central capillary and its surrounding tissue cylinder.
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FIGURE 2 The transport relationship of hemoglobin to myoglobin to respiratory pigments in the
consuming tissues. The figure is illustrative, and is not intended to quantitate the actual substrate
transfer.
curve is the cellular metabolic rate of tissue. The direction of oxygen transfer is represented by
the arrows.
It seems well established that the principal mechanism of facilitation within the tissues is
molecular diffusion (9, 10), and for the limited purposes of this paper, the oxygen states in the
idealized tissue domain can be described by a system of nonlinearly coupled reaction-diffusion
equations that describe the steady-state (time-independent) conditions of tissue respiration.
The details of model development can be found elsewhere, and we simply list here the relevant
equations (9, 10, 19, 22).
MATHEMATICAL MODEL OF TISSUE AND CAPILLARY BLOOD
We use the mass-action equation, as do Wyman (9) and others, to describe the combination of
myoglobin and oxygen in the tissue. This is symbolically,
k,
Mb+±02 MbO2. (1)
k2
The local kinetic reaction rate p in tissue is described by
p(Y, P,) = cp[kls,(l - Y)P, - k2Y], (2)
where Y is the fraction of myoglobin saturated with oxygen, P, is the partial pressure of
oxygen in tissue, s, is the solubility of oxygen in tissue, cp is the tissue concentration of
myoglobin, k, is the rate of association of myoglobin and oxygen, and k2 is the rate of
disassociation of oxymyoglobin. In the tissue domain
c rs1D0 M=-p(Y,P) (Q(P)
rcr r
I a Y
where r is the radial coordinate from capillary center, z is the axial coordinate along capillary
axis, Do is the oxygen diffusion coefficient in tissue, Dm is the oxymyoglobin diffusion
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coefficient in tissue, and Q(P,) is the respiration rate in resting tissue. The boundary
conditions for the tissue equations are the natural conditions at the capillary-tissue interface
Pt(rc, z) = Pb(z) (continuity of pressure),
Pb(O) = PA (capillary entrance pressure),
- (rc, z) = 0 (zero oxymyoglobin flux); (4)lr
and the tissue cylinder outer symmetry conditions
- (r,, z) = 0 (symmetry of oxygen partial pressure),
ax
- (r,, z) = 0 (symmetry of oxymyoglobin fraction), (5)dx
where Pb is the partial pressure of oxygen in capillary blood, PA is the partial pressure of
oxygen in arteriolar blood, rc is the radius of the central capillary, and r, is the radius of the
tissue cylinder.
An idealized model of steady-state capillary blood is obtained by a mass balance with the
average tissue flux conditions and the assumption of thermodynamic equilibrium of the
capillary blood. The resulting implicit equation is
d 2 a9p,SbVo [Pb + aCH(Pb)] - sD - , (6)dz rc 0 ar r-rl
where H(P) = ('/4)P(d/dP) ln (1 + A1P + A2P2 + A3p2 + A4)p4) is the oxygen-hemoglobin
dissociation function (Adair equation), a = C/Sb, C is the whole blood capacity for oxygen, Sb
is the solubility of oxygen in capillary blood, and vo is the flow velocity of whole blood in a
capillary.
The tissue equations (Eqs. 3) are similar to those considered by Wyman (9), Murray (13),
and others, but the blood-tissue geometrical arrangement and therefore the boundary
conditions are quite different in this application. We must seek a solution that couples the
capillary equation (Eq. 6) to the tissue equations (Eqs. 3) through the capillary wall interface
conditions (Eq. 4).
DIRECT INTEGRATION OF MODEL EQUATIONS
The technique used to solve the model equations follows lines similar to earlier procedures
described by Wyman (9) and later, Murray (13). Adding Eqs. 3, we eliminate the nonlinear
reaction rate p to obtain
I a ap, ay\
-d (rstDo + cprDm-) = Q(Pt). (7)
The oxygen metabolic rate Q(P,), in general, will depend on the local oxygen partial pressure.
This dependence has been expressed as a Michaelis-Menten form, as described in reference
17. However, this function remains nearly constant at oxygen pressures above 1-2 mmHg, as
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shown in Fig. 2. Therefore, we shall assume for purposes of this investigation that the tissue
metabolic rate Q(P,) can be taken as the constant K. In fact, muscle metabolism is known to
continue by anaerobic glycolysis in the absence of oxygen. This phenomena is known as the
accumulation of the "oxygen-debt."
Setting Q(p,) = K, and using the boundary conditions (Eqs. 5) at r = r, a first integral of
Eq. 7 is
apt ay K 2 2.s,Drr + cpDmr d =-2 (r2-r2) (8)
Evaluating Eq. 8 at r = r, and using the third of Eqs. 4 we determine
2sDo9, =-KQ, (9)
rc Or r-rc
where Q = (r,/rc)2 - 1 and is always positive.
Eq. 9 can be used directly in Eq. 6, and uncouples it from the tissue equations. The
uncoupling permits the direct integration of the capillary equation, since the right side is now
independent of axial variable z and radial variable r.
By using the second of Eqs. 5, an implicit expression for Pb(z) is obtained by direct
integration of Eq. 6. This is
K
Pb(z) - PA ± a[H(Pb) -- H(PA)] = - Qz. (10)
VoSb
Note that the capillary partial pressure depends only on the geometry involved and the tissue
demand for oxygen. This is a direct result of the assumption that tissue metabolic demand is
independent of the local oxygen pressure.
Pb(z) is now implicitly determined and can be obtained by an inversion of Eq. 10 for each
value of z. A second integral of the combined diffusion equations (Eqs. 8), and the use of the
first of boundary conditions (Eqs. 4) yields the tissue space solution
cp D, Kr2 (r 1[(r2 (rc\2P,(r, z) Yo[ (z) - Y(r, z)] =Pb(z) - n (-I - (- -) - IJ. (I 1)StDo 2D0s, rcI 2Lr,I \rt/
This equation contains the unknown dependent functions P,(r, z), YO(z), and Y(r, z), and
requires additional functional relationships to independently resolve all the unknowns.
However, some insight can be gained by a direct examination of the components of Eqs. 10
and 11.
A DISCUSSION OF THE IMPLICIT RELATIONSHIPS
It is clear from the form of Eq. 10 that a closed implicit relationship involving the capillary
oxygen partial pressure Pb(t), the hemoglobin saturation fraction H(Pb), the tissue metabolic
rate K, and the various geometric parameters has been obtained. Clearly, Eq. 10 can be solved
implicitly for Pb(z) to yield the blood-tissue interface pressure as a function of capillary axis
position. This function is then used as the boundary data, Pb(z), for the tissue equation (Eq.
11).
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An inspection of Eq. 11 reveals some properties of the function of the tissue myoglobin.
That the nature of the contribution of myoglobin to steady-state tissue oxygen levels can be
identified at this point seems to have been overlooked in many previous analytical treatments.
It is clear from physical considerations that the saturation fraction of myoglobin at the
capillary-tissue interface is higher than at any interior point, i.e., Y0(z) - Y(r, z). Therefore
the oxymyoglobin component cpDm/s,Do[Yo(z) - Y(r, z)] is always nonnegative. Consider
now the remaining quantities on the right in Eq. 11. We define the functions
F(r, z) = Y0(z) - Y(r, z)
P(r, z) =Pb(z) - 2Ds,n (rc) - (r) (r,) ] (12)
where F(r, z) is the net tissue oxymyoglobin radial desaturation and P0(r, z) is the nonfacili-
tated oxygen pressure in tissue and is the well known Krogh-Erlang solution for the
steady-state Krogh cylinder with no myoglobin present to facilitate oxygen supply (19, 22).
The facilitated oxygen partial pressure in tissue is the sum
P,(r, z) = G * F(r, z) + P(r, z), where G = cp m (13)
StDo
In this sense, the facilitated increase in tissue oxygen partial pressure is a direct addition to the
transport by linear diffusion.
THE KINETIC EQUILIBRIUM SOLUTION
Although Eqs. 10 and 11 represent closed implicit expressions for the facilitation effects in
tissue, neither Y0(z) nor Y(r, z) are explicitly known. Therefore, a complete solution is not
available without additional assunmptions relating YO, Y, and P,; or, one solves the second of
Eqs. 3 with P, eliminated as a dependent variable. We consider an additional assumption first,
and use the resulting solution as a standard against which a singular perturbation solution of
Eqs. 3 can be compared.
Since the kinetic equations are quite "stiff," the oxymyoglobin saturation fraction is
expected to be very near the equilibrium value.' Thus, if one assumes that the oxygen-
myoglobin reaction is always at equilibrium, it is not necessary to solve the oxymyoglobin
radial diffusion equation, since the oxymyoglobin saturation is then completely determined by
the local oxygen partial pressure. By definition of kinetic equilibrium, p(Y, Pt) = 0, and using
Eq. 2,
Y(r, z) = +Pt(r, z) , and Y0(z) = 6Pb(Z) (14)
-y + bP(r,z)'Y±+ Pb(Z)
where a = s,k, and y = k2, and Pt(r, z) = Pb(z). These relationships can be used directly in
'Stiffness in the sense used here means that the solution will behave likey = y, + (y0 - y5) exp [-j3(t- t)], where ,
is a large positive number. Clearly, the solution is always driven back to the equilibrium value y, by any departure
YO - y, from equilibrium. This is the result of a large coefficient f3 in an equation of the form dy/dt = 3(y, - y), with
y(to) = YO.
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Eq. 13 to obtain a single closed implicit equation for P,. This is
P,(r, z) + G 6P,(r, z)
-
GC * (z) + P (r, z) e
,Y + 6P,(r, z) (15)
This equation is quadratic in P, and can be inverted for the unique positive function. The
positive solution of Eq. 15 is given by
P,(r, z) = P.(r, z) + - (1{y - 6G(l - YO(z)) + 5P,(r, z)]2 + 4G6}'1226
- ['y + 6G(1 - Yo(z)) + 6PO(r, z)]). (16)
Note that the quantity in large parentheses in Eq. 16 is always positive so that the facilitated
pressure P, always exceeds the linear diffusion pressure PO. This will be discussed more fully
later.
Since the reaction kinetics are neglected, we expect the saturation fraction values for this
solution to be slightly higher than the nonequilibrium values. This is shown to be the case by
direct comparison with a singular perturbation solution for the nonequilibrium case. A
numerical comparison for parameters of physiologic interest is given in Table I and is
discussed in some detail in the Results section.
TABLE I
A COMPARISON OF NONEQUILIBRIUM AND KINETIC EQUILIBRIUM SOLUTIONS
Myoglobin saturation Oxygen partial pressure
x PS ES AYo PS ES AP
(%) (mmHg)
0.10 91.36 91.72 -0.36 22.68 22.68 0.00
0.12 90.96 91.02 -0.06 20.71 20.76 -0.05
0.14 90.32 90.35 -0.03 19.10 19.16 -0.06
0.16 89.66 89.68 -0.02 17.74 17.80 -0.06
0.18 89.01 89.03 -0.02 16.55 16.61 -0.06
0.20 88.36 88.38 -0.02 15.52 15.58 -0.06
0.22 87.72 87.74 -0.02 14.60 14.66 -0.06
0.24 87.09 87.11 -0.02 13.77 13.83 -0.06
0.26 86.46 86.48 -0.02 13.03 13.09 -0.06
0.28 85.84 85.86 -0.02 12.37 12.43 -0.06
0.30 85.22 85.24 -0.02 11.76 11.82 -0.06
0.40 82.22 82.24 -0.02 9.42 9.48 -0.06
0.50 79.49 79.51 -0.02 7.88 7.94 -0.06
0.60 77.14 77.16 -0.02 6.85 6.91 -0.06
0.70 75.26 75.28 -0.02 6.17 6.23 -0.06
0.80 73.92 73.94 -0.02 5.75 5.81 -0.06
0.90 73.13 73.15 -0.02 5.52 5.58 -0.06
1.00 72.87 72.89 -0.02 5.44 5.50 -0.06
A numerical comparison of the equilibrium solution (ES) and the perturbation solution (PS) for facilitated oxygen
diffusion. The model parameters are for the standard reference case and the values are for a radial profile at the
venous end, y = 1.0 or z = zc, of the capillary. This is the location of the greatest differences in the solutions. Dm =
0.7 x 10-6, cp = 5.0 X 10-7 and Do = 1.5 x 10-5.
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THE SINGULAR PERTURBATION PROBLEM
The functions defined by Eqs. 12 can be used to eliminate P, as a dependent variable in the
second of Eqs. 3 and to thereby obtain a single equation for the radial desaturation variable
F(r, z). For convenience, we also define the free myoglobin fraction
U(z) = 1 - Y0(z). (17)
U(z) represents the fraction of deoxygenated, free, myoglobin at the capillary-tissue interface.
The diffusion equation for the radial desaturation variable F then becomes
cp ! (rDm d- {k1sjU(z) + F]P, + k2[U(z) + F] - k2}. (18)
This equation will have the boundary conditions
F(rc, z) = 0;
dr (rc, z) = 0;
a(r,,z)=0. (19)Olr
Note that U(z) is an unknown coefficient function to be determined. That U(z) is an unknown
coefficient function, and the observation that the numerical values of the parameters in the
model are large, lead us to consider Eqs. 18 and 19 as a singular perturbation problem. Note
that we have an overdetermined system, i.e., a second-order differential equation with three
boundary conditions.
To pose Eq. 18 as a singular perturbation problem, it is more convenient to work with a
normalized form of the equation and the associated boundary conditions (Eqs. 19). We
introduce the nondimensional space variables
x = r/r,, xc = rc/r,, y = z/zc (20)
and the perturbation parameter e in the range
0 _ e _ lo-4. (21)
These new variables suggest the nondimensional system parameters
St k1 r2tb=E '0(1)DP
b = e D 0 (1)
k2r
c = 0e D ' (1)
Kr2 1
2D0s,'7 -X) 0(1). (22)
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The nondimensional facilitation equation to be considered as a singular perturbation problem
then becomes
-~-(~x-) = aF2 + [aU(y) + bP,(x, y) + c]F + U(y)[bP0(x, y) + c] - c; (23)
x d9x 4x
with the boundary conditions
F(xc, y) = 0,
OF
-(xc y) 0,Ox
-F (1,y) = 0. (24)Ox
THE ZERO-ORDER SOLUTION
The perturbation techniques used to solve Eqs. 23 with Eqs. 24 are similar to methods used by
Wyman (9), Murray (13), and Meldon et al. (14), although the model treated here requires a
different analysis and technique at the respective boundaries. In general, we seek an expansion
in e for the deoxygenation variable
F(x,y) = Fo(x,y) + EOF (x,y) + ETF7(x,y) + * * * , (25)
where the real exponents a, T, . . . are to be determined and the terms in the expansion are
obtained by satisfying the differential equation (Eq. 18) for monotonically increasing
exponents of the perturbation parameter c. Letting e 0, the differential equation (Eq. 23)
reduces to the algebraic equation
aF2 + [aU(y) + bPo(x, y) + c]F + U(y)[bPo(x, y) + c] - c = 0. (26)
As it stands, Eq. 26 cannot be solved since the coefficient function U(y) is unknown.
However, we can obtain a zero-order (in e) approximation for U(y) by evaluating Eq. 26 at
x = xc, then solving for U(y). Using the first boundary condition F(xc, y) = 0,
orY (y)-= P(~y (27)U(y) =
c + bP (x, y) ' c + bPo(xc, y)
The quantity U(y) represents the unsaturated myoglobin fraction at the capillary tissue
interface and Yo(y) = 1.0 - U(y) is the saturated fraction. Note that the zero-order
approximation produces the kinetic equilibrium solution (Eq. 14) for Yo(y), since in the
normalized variables Po(xc, y) = Pb(y) = Pb(z). This equivalence is clear if one observes that
c/b = /b;so that Yo(z) = [bPo(xc,y)]/[c + bPO(xc,y)] = [6Pb(z)]/L[y + SPb(z)].
With a zero-order determination of U(y) now available, Eq. 26 can be solved to zero order
for the deoxygenation variable F(x, y). The zero-order positive solution for F(x, y) becomes
F(x,y) = ({[t(x,y) - aU(y)]2 + 4acll/2- [t(x,y) + aU(y)])/2a, (28)
where (x, y) = bPo(x, y) + c.
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This solution can be recognized as the facilitation part of the kinetic equilibrium solution
(Eq. 16) if we use the equivalences a/b = G, c/b = y/b, and c/a = (y/5)(1/G).
It is then clear that the zero-order perturbation solution has real physical meaning, in
addition to being the low-order approximation to the complete nonequilibrium solution. This
result also suggests that the dynamic state of the nonequilibrium solution is represented by the
higher-order terms and cannot be inferred from the zero-order solution.
Unlike Murray's solutions for the infinite cylinder, the solution (Eq. 28) does not satisfy all
of the boundary conditions given by Eqs. 24. The first condition was imposed by our choice of
U(y); but, differentiating Eq. 28, we see that
dIF (x( "Y) a bc+2( andF(1,Y) =0. (29)Ox ac + ~2(x~,y) ' ax
Therefore, the zero-order solution satisfies the first and third of boundary conditions (Eqs.
24), but not the second. This implies that the neglected terms, assumed to be of higher order in
amplitude, have first derivatives of zero order. Thus, higher-order terms must be considered to
completely satisfy all the boundary conditions. This is to be expected, since the flux rates and
diffusion of the oxymyoglobin are intimately related to the neglected terms in Eq. 23.
THE BOUNDARY-LAYER EQUATIONS
As constructed, the solution of the algebraic equation (Eq. 26) yields the kinetic equilibrium
solution (Eq. 16), but this solution does not reflect the dynamics of the derivative terms,
especially near the capillary-tissue interface. Physically speaking, the "layer" near the
capillary-tissue interface is a region in which a rapid exchange of free and oxygenated
myoglobin is occurring. The dynamics of this process are, of course, reflected in the derivative
terms that were neglected in the construction of the zero-order solution. A determination of
the fractional exponents and a detailed discussion of the "boundary-layer contribution" is
given in Appendix I. Suffice it to say here that we assume expansions in e of the form
F(x, y) = F.(x, y) + E"/2Fl/2(x, y) + EF (x, y) +**
U(y) = U0(y) + e'/2U112(y) + EU1(y) + * * *, (30)
which can be shown to be of the correct order. These expansions and the local coordinate
transformation ,u = (x - x)E-/2 lead directly to the "boundary-layer" equation
d2F112 W2F1
d _2-w F,2 = U,/2(Y) (Xc, Y) (31)
The initial data for this equation is
F,12(0) = 0
dFj/2(0) - bc (2
d (0) ac + (2(xc,y)if' (32)
where W2 = aUl(y) + t(xc, y). In obtaining this equation, we have neglected all terms of order
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e and higher, and have used the properties of F0(x, y) near x = x,. The differential equation
contains the unknown coefficient function U112(y), which can be regarded as a parametric
constant not dependent on the local variable ,u. It therefore plays the role of an undetermined
coefficient in this equation. Clearly, we seek only bounded solutions of this equation, since
from physical considerations the deoxygenation variable is bounded above and below.
Using the initial data, we find that this equation has the bounded elementary solution
F112(A)= 2c+ [I - e"'.] (33)w(ac + 0)
By direct substitution in Eq. 31 the unknown parametric function U112(y) is determined as
bc (xc,y) 11/2U112(Y) = 42(X, y) Lac + 2(xc, y)] (3)
Note that these "correction terms" influence the solution only in the "boundary-layer" near
x = xc and permit the exact satisfaction of the boundary conditions at x = xc. We are now in a
position to investigate solutions for the coupled equations (Eqs. 3) and the equilibrium
solution (Eq. 16) for parameters of physiologic interest. The correction terms given by Eqs. 33
and 34, when used in the expansions (Eqs. 30) enable us to estimate the unknowns F(x, y) and
U(y) correct to order , i.e., o(10-4). Since both F and U have values between zero and one,
this is sufficient accuracy, and we need not carry the expansions (Eqs. 30) to higher-order
terms.
APPLICATIONS AND PARAMETERS
A considerable amount of experimental work has been done in an effort to determine accurate
values for the properties of myoglobin in solution (24). However, its exact behavior in in vivo
muscle tissues remains to be clarified. The experimental evidence suggests that the myoglobin
has a linear diffusive ability in in vivo tissues and is free to change tissue position along
diffusive gradients (9). Given this diffusive ability in tissues, a question arises of the nature of
diffusive properties in intact functioning tissues. That is, does myoglobin passively diffuse
through cell membranes, intracellular structures, and fluids within the tissue, or is it restricted
to limited diffusion through only certain regions? The experimental evidence is not conclusive,
but seems to support a general distribution of myoglobin, with linear diffusive properties (10).
It is therefore appropriate to investigate a range of myoglobin diffusion coefficients in tissue
whose absolute maximum cannot exceed the value given by the Stokes-Einstein formula Dm =
KT/6/LrH2ORmb = 2.97 x 10-6 cm2/s, where Rmb is the myoglobin molecular radius (11 A), y
is the viscosity of water (0.6947 x 10-2 g/cm s), K is the Boltzmann constant (1.38 x 10-16 g
cm2/s), and T is the absolute temperature (3100 C).
The self-diffusion coefficient of myoglobin has been measured (24), and in an 18% solution
is estimated as Dm = 0.7 x 10-6 cm2/s. In a 10 g/1 00-ml solution, the measured value is found
to be Dm = 1.06 x 10-6 cm2/s, and in a 10% protein solution is -Dm = 2.00 x 10-6 cm2/s. The
protein concentration in muscle is -18%; thus, the 18% self-diffusion value is probably the
most representative of myoglobin diffusion in muscle tissue. We shall use this value as a
standard reference value, and we assume that oxygenated myoglobin has the same diffusive
BIOPHYSICAL JOURNAL VOLUME 29 1980448
properties as the deoxymyoglobin, since the oxygen molecule is very small relative to the size
of the deoxymyoglobin molecule, and therefore should not significantly alter its linear
diffusive properties. The possible significance of oxygen transport by oxymyoglobin diffusion
will be examined in the parameter range Dm = 0.3 x 10-6 to 2.7 x 10-6 cm2/s.
The amount of myoglobin in muscle tissue has been determined (9, 10), and consists of
- 1.4% of dry weight in cardiac muscle, and 2.5% of dry weight in skeletal muscle. The values
for cp considered in this study are cp = 2.8 x 10-7, 5.0 x 10-7, and 1.0 x 10-6 mol/cm3. These
values include those used in previous studies and represent a variation about the 5.0 x 10-7
reported for skeletal muscle (9). The binding properties of oxygen to myoglobin are well
known (9). We shall use k, = 2.4 x 107 m-1 * sec' (on rate) and k2 = 6.5 x 10' sec-1 (off
rate) as the kinetic parameters for the binding reaction. The equilibrium constant for this
reaction is K = kl/k2 = 3.7 x 105m '.
In cardiac muscle, the values of the myoglobin content and the tissue diffusion radius,
measured from the center of the average capillary, are roughly half the corresponding skeletal
muscle values. We have chosen to use skeletal muscle values as the representative parameters
(21). These are taken as rc = 3,urm (capillary radius), r, = 30,um (tissue cylinder radius), and
zc = 300 jAm (capillary length). The normal whole-blood characteristics are used as the
properties of capillary blood: C = 9.107 x 10-6 mol/mol (blood capacity for 02), and Sb =
1.560 x 10-9 mol/mol (solubility of 02 in whole blood). The oxygen dissociation curve for
blood is computed from the Adair form H(P) = (P/4)(d/dP) ln (1 + AIP + A2P2 + A3P3 +
A4P4), where H is the saturation fraction, P is the oxygen partial pressure, and A, = 2.5670 x
10-2, A2 = 7.7734 x 10-4, A3 = 4.4700 x 10-6, and A4 = 2.5510 x 10-6 are the Adair
constants. These values produce the normal dissociation curve and its correct slope (23).
Arterial blood oxygen pressure is taken as normoxic, PA = 100 mmHg, and a blood flow
velocity of v0 = 275 ,um/s, is used. This rate is lower than the average normal (400 ,lm/s)
value and should produce areas of tissue hypoxia in the absence of the myoglobin. This rate
enables us to examine the maximum contribution of the myoglobin to the transport process. In
this study, hypoxia is taken to be the oxygen pressures below which the tissue metabolic rate
would begin to decrease.
In the tissue, the parameters used are representative of the resting steady state. We have
not attemped to examine the transition states; only steady-state conditions are considered. We
have used K = 5.00 x 10-8 mol 02/s/cm3 (resting metabolic rate of skeletal muscle), Do =
1.50 x 10-5 cm2/s (diffusion rate of dissolved oxygen in skeletal muscle), and s, = 1.323 x
10-9 mol 02/vol tissue/mmHg (solubility of oxygen in skeletal muscle). These parameters
will represent the tissue conditions for which a parametric examination will be conducted.
PARAMETRIC RESULTS AND DISCUSSION
The first parametric investigation is into the nature of the nonequilibrium kinetics as
predicted by the perturbation solution (Eq. 30). It was shown that the zero-order approxima-
tion to Eq. 18 produces the kinetic equilibrium solution (Eq. 16) for the tissue facilitation. The
oxymyoglobin saturation fraction predicted by this solution at the capillary-tissue interface
for the standard model parameters is shown as the dashed line in Fig. 3. The respective solid
curves on this graph represent the oxymyoglobin fractions computed from the nonequilibrium
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FIGURE 3 The oxymyoglobin saturation states at the capillary-tissue interface. The dashed curve
represents the oxymyoglobin saturation fraction at equilibrium; the successive solid curves each represent
the oxymyoglobin saturation fraction for myoglobin diffusion coefficients of 0.3, 0.7, 1.7, and 2.7 x 10-6,
respectively. Di,, the diffusion coefficient, is x 106. x - 0.1. The myoglobin concentration is fixed at 5.0 x
10- mol/cm3.
FIGURE 4 The kinetic reaction rate in distributed tissue locations. The reaction rate p(x, y) is computed
for the standard values of the reference parameters at several fixed tissue radial positions. The solid curves
represent the nonequilibrium rate of the oxygen-myoglobin binding reaction. The positive curves
correspond to oxygen uptake and the negative curves represent oxygen release from oxymyoglobin. Cp -
5.0 x 10-7, Dm - 0.7 x 10-6.
solutions for each of the myoglobin diffusion coefficients of 0.3, 0.7, 1.7, 2.7 x 10-6 cm2/s. As
anticipated, the equilibrium solution overpredicts the nonequilibrium saturation levels, and
the difference increases from arteriolar to venous end of the capillary. The differences are
greater for the larger myoglobin diffusion coefficients. The monotone nature of these curves,
of course, reflects the increased rate of movement of oxymyoglobin away from the boundary,
due to the increase in diffusion coefficient. The kinetic equilibrium curve is unaffected by
changes in the diffusion coefficient, since its values depend only on the equilibrium constant K
and the capillary-tissue interface oxygen pressure.
The role and importance of the system kinetics can be examined by a direct computation of
the distributed reaction rate rho, p(x, y), at various tissue locations. The question of
nonequilibrium myoglobin saturation in the tissue was apparently not considered in many
previous treatments. Many studies, such as (17), have assumed kinetic equilibrium of the
oxymyoglobin in the tissue in order to obtain solutions of the model equations. For the model
examined here, a closed-form solution is available for the kinetic equilibrium case, and the
singular perturbation method permits us to examine the nonequilibrium kinetics. Thus, a
distributed tissue space examination of the kinetic reaction rate can be performed.
The kinetic reaction rate, p, in tissue is computed for the reference parameter values and is
plotted as a function of capillary axis position in Fig. 4. Each solid curve is plotted for a fixed
radial position in the tissue cylinder. At x = 0.10, i.e., at r = rc, the capillary-tissue interface,
the reaction rate is everywhere positive and monotonically increasing from capillary entrance
to exit. This curve shows that unsaturated myoglobin is rapidly taking up oxygen along the
capillary-tissue interface. As one moves radially into the tissue, the reaction rate decreases,
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but is still positive in regions of high oxygen availability. The rate drops rapidly and becomes
and remains everywhere negative at about the x = 0.20 radial position in the tissue region.
This reflects the fact that the net kinetic mechanism is one of releasing oxygen to tissue in the
tissue regions away from the capillary-tissue interface. The reaction rate takes its greatest
negative value near the venous end of the tissue cylinder, where the myoglobin would be
expected to make its largest contribution to oxygen supply.
The dependence of the oxymyoglobin facilitation's net value on the diffusion coefficient is
displayed in Figs. 5 and 6. Fig. 5 illustrates the facilitation pressure as a function of axial
position at the outermost tissue location x = 1.0, i.e., r = r,. The solid curves represent the
kinetic equilibrium solution at the respective myoglobin diffusion coefficients, and the dashed
curves are the perturbation solutions. Note that these solutions merge as the diffusion
coefficient decreases. The curve at the left represents 10% of the nonfacilitated oxygen
pressure, i.e., P0/ 10. For Dm = 0.3 x 106, the facilitation exceeds the 10% value only in the
last 25% of the cylinder. Whereas, for Dm = 2.7 x 106, the facilitation exceeds 10% in over
65% of the cylinder. The point is that the contribution of facilitation and the importance of
nonequilibrium kinetics are both quite dependent on the value of the myoglobin diffusion
coefficient. The reference value of 0.7 x 10-6 would suggest a more than 10% augmentation
of oxygen pressure in the last 40% of the cylinder's length. Note also that the contribution in
each case increases almost linearly with increasing axial position.
The radial contribution of facilitation to oxygen pressure at the venous end of the tissue
cylinder, y = 1.0, i.e., z = zc, is shown in Fig. 6. Again, the solid lines are the equilibrium
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FIGURE 5 Myoglobin facilitation of oxygen transport at the limiting tissue cylinder position as a function
of myoglobin diffusion coefficient. The solid curve is the equilibrium solution and the dashed curve is the
nonequilibrium solution at the same value of diffusion coefficient. The facilitation is pressure (PO2)
augmentation in millimeters of mercury (Hg). The solid curve at the left represents 10% of the
nonfacilitated pressure, P,,(l.O, y). The plot is for the outer tissue location x = 1.0 as a function of the
normalized axial coordinate y. The diffusion coefficient is D'. x IO-'.
FIGURE 6 Myoglobin facilitation of oxygen transport at the venous tissue cylinder position as a function
of myoglobin diffusion coefficient. The solid curve is the equilibrium solution and the dashed curve is the
nonequilibrium solution at the same value of diffusion coefficient. The facilitation is pressure (P02)
augmentation in millimeters of mercury (Hg). The solid curve at the left represents 25% of the
nonfacilitated pressure, P,,(x, 1.0). The curves are plotted for the cylinder venous location y z 1.0 as a
function of normalized radial coordinate x. The diffusion coefficient is Dm x 10-6.
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solutions, and the dashed lines are the nonequilibrium solutions. In contrast to Fig. 5, the
radial facilitation shows a parabolic shape, but the solutions again merge for the smaller
values of the myoglobin diffusion coefficient. The solid curve at the left represents 25% of the
nonfacilitated oxygen partial pressure, i.e., Po/4. In each case, this curve is exceeded within
the first 60% of the tissue cylinder radius. As in Fig. 5, the results reflect a strong dependence
on the magnitude of the myoglobin diffusion coefficient.
Fig. 7 illustrates the contribution of the myoglobin facilitation to the oxygen transport
throughout the tissue cylinder for the reference parameter values of Dm = 0.7 X 10-6, D =
1.5 x 10-5, and cp = 5.0 x 1i-7. The dashed lines are the total oxygen partial pressure, P,
computed from the singular perturbation solution and plotted as radial pressure profiles across
the tissue cylinder at 30, 50, and 100% of the capillary length. The solid line represents the
radial pressure profile for no facilitation, i.e., P,. The greatest contribution, as one expects, is
at the venous end of the capillary and in the tissue regions of lowest pressures.
Observe that in regions of high oxygen pressure, myoglobin does not release its oxygen and
the facilitation does not add significantly to the total oxygen pressure. However, near the
venous end of the tissue cylinder, where the pressures are nearing hypoxic values, the
myoglobin facilitation becomes significant. In fact, near the venous end of the cylinder, the
transport contribution by the oxymyoglobin exceeds the linear diffusion component. This
suggests a possible safety mechanism against local hypoxia in muscle tissues.
The radial facilitation, as a percent of nonfacilitated pressure at the venous end, is replotted
in Fig. 8. For the reference parameters, the oxymyoglobin contributes little in the first half of
the tissue cylinder, exceeds 5% only in the venous half of the tissue cylinder, and for tissue
radial positions that exceed x = 0.5. When the local tissue pressure nears the hypoxic levels,
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FIGURE 7 The total myoglobin contribution to tissue transport. The solid curve is nonfacilitated pressure
P0, at the respective cylinder axial positions. The dashed curves are the total facilitated pressure P, in the
tissue. Note that the contribution due to facilitation is not significant in the first half of the capillary-tissue
cylinder. C. =5.0 x 10',D.mO .7 x10-6.
FIGURE 8 Percent facilitation as a function of myoglobin concentration at the venous end of the tissue
cylinder. The facilitation increases monotonically with the increase in myoglobin concentration. All other
parameters are the standard reference values. The independent variable is normalized cylinder radius x for
fixed y = 1.0. Solid lines are percent PO. Cp = 5.0 X 10-7, Dm= 0.7 X 10-6.
BIOPHYSICAL JOURNAL VOLUME 29 1980452
Ac0'
5 ___
C cp-l.00
C @4
3
2 -O. O i
* /
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Normalized Tissue Radius x
FIGURE 9 Facilitation and its contribution to total pressure levels at various myoglobin concentrations.
The tissue location is the venous end of the tissue cylinder. The model parameters are the standard values
with the concentration varied through the three reference values. Cp = x106, y =l1.OO, Dm= 0.7 x10-6.
the myoglobin begins to unload its oxygen rapidly, and near the venous end, the oxygen
released by the oxymyoglobin exceeds the linear diffusion transport.
Fig. 9 demonstrates the dependence of oxygen facilitation upon the tissue myoglobin
concentration. The contribution to the venous region pressure is plotted in this figure for the
standard value, twice the standard value, and the value used by Murray (13). The other
reference parameters are held fixed. Note that the shape of the curve remains the same, but
the magnitude of the oxygen facilitation is not linearly related to myoglobin concentration. No
attempt has been made in this computation to compensate for diffusion coefficient changes
with changing myoglobin concentration. This graph shows that the mathematical model
agrees qualitatively with the experiments that have varied myoglobin tissue concentration
(9).
Values of tissue oxygen pressures and oxymyoglobin saturation fractions for the reference
parameters are listed in Table I. Clearly, the perturbation solution (PS) and the equilibrium
solution (ES) differ significantly only near the capillary-tissue interface, and the numerical
differences are less than any known pressure probe could detect. This could explain the
experimental notion that oxymyoglobin is near saturation in tissue during steady-state
conditions. This need not be the case in exercising muscle or in muscle undergoing periodic or
transitional states (5, 9).
The fact that the reaction coefficients are quite large (i.e., k1 and k2) is responsible for the
nonzero net oxygen transfer rate, even though the oxymyoglobin fraction is near its saturation
value. This explains how small oxymyoglobin disequilibrium can induce deoxygenation, thus
unloading oxygen even when the local oxymyoglobin fraction is near the saturation value.
That is, oxymyoglobin can deliver oxygen to the tissues while appearing to remain in a nearly
saturated state. Oxymyoglobin can also rapidly respond to small local pressure variations
within the tissue region. This property may be particularly important, since mitochondria are
inhomogenously distributed in cells and undoubtedly produce small local regions with high
oxygen pressure gradients, which are seen only as average gradients across these regions. In
such a case, the local oxymyoglobin could direct oxygen into these higher consumption regions
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by its ability to transfer oxygen over the smaller oxymyoglobin gradients outside these
regions.
SUMMARY AND COMMENT
We have shown by our modeling studies that the facilitation role of myoglobin in muscle
tissues may be one of a safety mechanism against local hypoxia and, simultaneously, a
transport mechanism of some importance under more widespread hypoxic conditions. We
have also shown that the assumption of kinetic equilibrium in the tissues may provide a
reasonable prediction of pressure levels in the tissues, but it does not provide insight into the
dynamics of the myoglobin-induced transport process. Perhaps more importantly, our studies
suggest that the significant role of the myoglobin may be that of a buffer mechanism against
local hypoxia. To investigate this role more completely, the steady-state models would have to
be improved and expanded to include and consider transients, time-dependent flow, and
metabolic rate. Such studies are beyond the scope of this investigation, but could form the
basis of further modeling efforts in this area. Such efforts must necessarily include better, or
more complete, experimental data on the role of myoglobin as well as the blood-tissue model
structure.
The model and results discussed here are at best a crude approximation to microcirculatory
structure and function. It is possible that our representation of blood and tissue invalidates the
results as discussed. For example, the blood might be more nearly represented by a moving
layer of hemoglobin in which facilitated radial diffusion within the capillary should be
considered as well. Another possibility is that the myoglobin remains fixed at least within a
single cell rather than possessing an ability to cross cell membranes. For example, Chance and
associates claim to be unable to demonstrate significant facilitation in rat heart preparations,
even at very low oxygen pressures.2 One explanation could be that the myoglobin remains
fixed in the smaller heart muscle cells and can contribute only insignificant rotational
facilitation (10). If all cells retain their oxymyoglobin, then a different tissue model is required
to describe the cell-cell transfer of oxygen.
A third possibility is that the true oxymyoglobin diffusion in in vivo tissues is smaller than
the values considered here. If this is the case, then one may argue that the oxymyoglobin
facilitation is insignificant. Each of these alternatives still leave us with the question, "Why is
the myoglobin found in heart and striated muscle?" These alternatives all seem to require
better experimental evidence and understanding before more elaborate modeling efforts can
continue.
Receivedfor publication 17 January 1979 and in revisedform 1I September 1979.
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APPENDIX I
Boundary-Layer Analysis
In deriving Eq. 26, it was assumed that the terms
1 ( F1
xOxA Ox (
could be ignored in comparison to the terms on the right in Eq. 26. This assumption implies that the
derivatives 02F/0x2 and OF/Ox are of the order one, 0(1). Since the approximate solution of Eq. 26,
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given by Eq. 28, satisfies the boundary conditions at x = 1.0, we expect that this assumption holds at x =
1.0, and in some neighborhood of x = 1.0. However, at x = xc F(x, y) in Eq. 28 satisfies only the first of
conditions (Eqs. 24), and the derivative condition at x = xc is not satisfied. The incorrect slope of the first
approximation at x = xc suggests that in some neighborhood of x = x¢, at least one of the derivative
terms in Eq. I- I cannot be neglected. We compensate for this "local" effect by adding to the zero-order
solution (Eq. 28) a higher-order term whose derivative at x = xc can be of zero order. In other words, we
correct for the condition that the zero-order solution (Eq. 28) is correct to zero order in amplitude at x =
x¢, but the zero-order slope in a neighborhood of x = xc is incorrect. The details of this procedure are as
follows: Assume
F(x) = F0(x) + EGF.(x) + O(E),
U(y) = UO(y) + EaUa(y) + O(E); (1-2)
where 0 < a < 1, is a fractional exponent to be determined. Substituting these expansions into Eq. 23,
and using Eq. 26, we derive
--~(x-F) = [2FOFa + a(UaFo + UOF,) + t(Fa + Ua)]
x 9x A9x
+ E0(F. + Ua)Fa + O(E). (1-3)
Clearly, we seek a solution for F. that is significant only in a neighborhood of x = x,. Recall that
F0(x, y) satisfies the boundary condition at x = 1.0. We therefore consider the local change of variables
= (x -xC)c. Then x = xc + Ea-t; a/ax = (O/9/.) 0; and a2/ax2 = (a2/4a,2)E-'. Using these in Eq.
I-1,
E ( 0dFa\ _ O2FEad0 FF,X-U 2 + -
x dx Ox;0xO Xc + A O,CIA
= 2FoFa + a(U0Fo + UoFa)
+ t(F+ U ± Ea(F'a + Ua)Fa + O(Ela). (1-4)
The exponents in this equation are consistent if a = 1/2. Choosing a = '/2, neglecting all terms of higher
than zero order, and using the properties of Fo and UO, we obtain
d2F,2 _ (aU0 + t)F,12 = WU1/2. (1-5)
The initial conditions are
F,12(0) = 0
OF112 (0) - c±bc i,t. (1-6)d4 ( ) ac + 02(Xc, y)
The bounded solution of this initial value problem will enable us to determine F,,2(M) and U,/2(Y).
These solutions are derived in the main text.
DEFINITIONS OF PARAMETERS
r Radial coordinate from capillary center
z Axial coordinate along capillary axis
rc Capillary radius
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r, Outer radius of tissue cylinder
Sb Solubility of oxygen in capillary blood
s, Solubility of oxygen in red muscle tissue
Pb Partial pressure of oxygen in capillary blood
PA Partial pressure of oxygen in arteriolar blood
P, Partial pressure of oxygen in tissue
vo Flow velocity of whole blood in capillaries
C The whole blood capacity for oxygen
Do Oxygen diffusion coefficient in tissue
Dm Oxymyoglobin diffusion coefficient in tissue
Y Fraction of myoglobin saturated with oxygen
Y. Fraction of interface myoglobin saturated with oxygen
U 1 - YO, the fraction of interface myoglobin free of oxygen
cp Tissue concentration of myoglobin
k, Rate of association of myoglobin and oxygen
k2 Rate of disassociation of oxymyoglobin
Q(P,) Respiration rate in resting muscle.
K Approximate resting metabolic rate of skeletal muscle
a C/Sb
Q (rlr,/)2_-1, the constant related to area of tissue annulus
G cpDp/s,D0, the constant factor conversion to pressure
K k, /k2, the equilibrium constant for myoglobin-oxygen
x r/r,, the nondimensional radial coordinate
xc rc/r,, the nondimensional capillary radius
Y z/zc, the nondimensional axial coordinate
e the perturbation parameter
a e(cpk,r/D0)
b e s, , r2/Dp)
c E (k2ri/Dp)
it [(1/xc) - xj]2Ds, /KrI
H(P) ('/4)P(d/dP) In (1 + AIP + A2P2 + A3P3 + A4P4) is the oxygen-hemoglobin dissociation
function (Adair equation).
NUMERICAL VALUES FOR CONSTANTS
Reference Model:
A, = 2.5670 x 10-2
A2 = 7.7734 x 10-4
A3 = 4.4700 x 10-6
A4 = 2.5510 x 10-6
PA= 100 mmHg
K = 5.00 x 1o-8 mol 02/s/cm3
D,= 1.50 x 10-5 cm2/sec
Dm = 0.7 x 10-6
vo= 275 um/s
k, =2.4 x 107m-1 * s-' (on rate)
k2 = 6.5 x 10' s-1 (off rate)
K = k,/k2 = 3.7 x 105m-'
r= 3 ,um (capillary radius)
r,= 30 um (tissue cylinder radius)
zc= 300 gm (capillary length)
C - 9.107 x 10-6 mol/mol (blood capacity for 02)
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Sb= 1.560 x 10-9 mol 02/vol blood/mmHg
s, = 1.323 x 10-9 mol 02/vol tissue/mmHg
cp = 5.0 x 10-7mol/cm3
Parametric Ranges
cp = 2.8 x 1O-7, 5.0 X 10-7, and 1.0x 10-6mo1/cm3
Dm= 0.3 x 10-6, 0.7x 10-6, 1.7 x 10-6, 2.7x 10-6 cm2/s
0 c 10 4
BIOPHYSICAL JOURNAL VOLUME 29 1980458
